MATHCOUNTS:

Quality Introduction to

Solving Standard Problems

MATHCOUNTS is a national mathematics competition for middle-school students.  Begun by the National Society of Professional Engineers, MATHCOUNTS helps inspire attention to serious content issues and application of essential content to standard problem-solving.

The pages that follow constitute an outline used by this writer to coach students and to provide assistance to coaches who work with MATHCOUNTS students.  Following is the first effort to add prose to the outline.  

The outline and explanations here will constitute a strong example of what is meant by basic domain knowledge of mathematics.  Little mathematical knowledge beyond this is needed to solve the problems contained in this work, and much of what is here is not needed for this work.  It is helpful for MATHCOUNTS problem-solving. 

The first page reviews basic geometric shapes that appear in many problems.  The names and area formulas are essential for speed in competitions.  The last two are particularly obscure in standard curriculum but great for problem-solving.  The area formula the equilateral triangle can be remembered with attention to the sequence of 2-3-4 seen therein.  

Page two gives more information in geometry.  Note that sphere area is the same as the area of four Great Circles associated with the sphere.  This can be demonstrated with heavy string, though demonstrations are not to be trusted for memory purposes.  Only ongoing review can be trusted.

Two area formulas pertain to the grid of dots.  Note that the area of the hexagon can be found by finding the area of the rectangle, and then subtracting the areas of the corner triangles and square.  This method has been called Encasement, and can be used to prove the Shoelace method farther down.  

The area of the grid hexagon can also be found by Pick’s Theorem.  A somewhat better description follows here.  One counts the number of grid points contained by the six hexagon segments, called fenceposts on the outline.  The dots inside the hexagon are called “interior horses” on the outline.       

The Shoelace method may be learned by imagining that several pairs of coordinates (numbers) are given to designate the vertices of a polygon.  For the example in the outline, these pairs are (a,b), (c,d), and (e,f).  These points are arranged in a matrix much as is shown,   The numbers are then multiplied, added, and subtracted per this pattern:

ad + cf + eb ( (cb + ed + fa)

The pattern will be seen by the reader who examines the diagram as the above expression is read slowly.  The pattern may be extended for any number of points.  And

· The points must be taken in order, either clockwise or counter-clockwise.

· The pattern works even for concave polygons.

· The final result must be divided by two, and the absolute value must be used, as area is always positive.

The first two volume formulas are the most critical, because these render almost all others unnecessary.

The last formulas/facts on page two are also helpful.  At the bottom is a hint as to how to use a change-of-form strategy on a classic problem: At a gathering of n people, each of whom shakes hands with all others exactly once, how many handshakes occur? 

Pages three and four are almost strictly for MATHCOUNTS contestants.

Page five includes some ideas concerning set relationships, which are applied to problem-solving at times.  Probability problems occur frequently.   The basic definition and factorial notation are essential.  

So are the charts for rolling dice and poker decks.  Such charts (called sample spaces) are useful for a wide variety of problems.  

On page six, the distinctions between permutation and combination are modeled in chart, and are explained in detail elsewhere in this work.  The model of spelling words with repeating letters and two examples following for circles are very helpful for counting outcomes in many situations where one must only see the analogy.

Page seven has some number theory again at the level of MATHCOUNTS and a summary of exponent notation.  Page eight lists prime numbers, again more helpful in MATHCOUNTS than for work in this book.  Note that between 100 and 110, four primes are found.  The same occurs between 190 and 200.  

Page nine has some notes on decimal representations, which occur in number-puzzle problems pertaining to writing 100, for example, using some specified digits and operations.  The notes on per cent are likewise helpful from time to time.

Pages ten and eleven provide ideas, specific problem types, and some solution suggestions that coaches should share with MATHCOUNTS students.  Several of these are developed fully elsewhere in this work.  Problems of these types are found in MATHCOUNTS and in problem-solving collections such as this one.

Page twelve lists perfect squares and cubes often used in various mathematics problems.  MATHCOUNTS students should recognize as many of these as possible.  Problem-writers often use these strategically to minimize the interference of complex arithmetic on problem-solving efforts.

Perspective

The main emphasis of this work is non-standard problem-solving.  MATHCOUNTS provides a bridge from routine textbook and achievement-test examples to the non-standard problems.  Some of the Polya strategies are useful in MATHCOUNTS, and thus the program is another good starting point.  All of the content of MATHCOUNTS competitions is useful in non-standard problem-solving, and provides an excellent “domain knowledge base” for the problem-solving course at this level.

