MATHCOUNTS Outline 

11/10/2003

I.  Area formulas

	Parallelogram:  base ( height
	Trapezoid: 
[image: image1.wmf]()

2

Bbh

+·



	
                       height


	                        b

                     B

	Rhombus:  b(h or 
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	Triangle: 
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	Regular polygon: 
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	Equilateral Triangle: 
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	Hexagon: 6(
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	   Circle Extravaganza
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Lateral area of prism of cylinder:

Perimeter ( Height.             Dilbert Head:

Total surface area of prism of cylinder:  Lateral surface area + bases.

Cone lateral surface area:  (rL, where L is slant height.

Cone total surface area:  (rL + (r2.

Sphere surface area:  4(r2 = four Great Circles.

Advanced Triangle Area

Hero’s Formula:        Area = 
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  where a , b , c are the three sides of any triangle, and semiperimeter S = ½ perimeter.

Half of perimeter ( radius of inscribed circle.  (This also works for any polygon if every side is tangent to an inscribed circle.)

Area on a Grid (Geoboard, Coordinate Plane)

	A.  Encasement.  Find area of grid rectangle and subtract area of corners etc. outside figure.

In example: a 6 ( 8 rectangle encloses the polygon.


	For Pick’s Theorem:  “horses” are all grid intersection points inside the polygon.  “Fenceposts” are polygon vertices that coincide with grid intersection points.



	B.  Pick’s Theorem:  For convex (non-concave) region:

AREA = ½ fenceposts + number of 

interior horses ( 1 cowboy. 

In example:  area = ½(8) + 32 ( 1 .


	

	C.  Shoelace: given coordinates, follow around in order, either way: 
	


Area =   
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Volume
Prism/cylinder: Base Area ( Height
    Pyramid/cone:  
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Sphere volume: 
[image: image13.wmf]3

4

3

r

p


Properties of Polygon Angles and Diagonals
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	( of regular n-gon = 
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	exterior ( in regular n-gon = 
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	Num. diagonals in n-gon: 
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	Number of handshakes: 
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Number Theory

	Entity
	Expression
	Example

	nth positive integer
	n
	5th positive integer is 5

	nth even pos. integer
	2n
	5th even integer is 10

	nth odd pos. integer
	2n ( 1
	5th odd integer is 9
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	1 + 2 + 3 + …+ 17 =

__________
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	1 + 3 + 5  +…+ 17 =

__________
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	2 + 4 + 6 + … + 34 =

__________
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	12 + 22 + 32 + …+ 172 =

__________
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	12 + 32 + 52 + …+ 172 =

__________
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	22 + 42 + 62 + …+ 342 =

__________
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	13 + 23 + 33 + …+ 173 =

__________


The number 263452 has

· three prime factors:  2, 3, 5

· 105 factors in all:  (6+1)(4+1)(2+1) = 7 ( 5 ( 3 = 105

· 104 proper factors, as the number itself (263452) is an improper factor

· sum of all factors 
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related: sum of 
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Perfect number = 
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Deficient number 
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nth triangular number = 
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A Mersenne number is of the form 
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A Euclidean number has form 
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.         a few of each of these.

Sequences and Series

(series is sum of terms in sequence)

	
	nth term
	sum of n terms

	Arithmetic

example: 3, 7, 11, 15…
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common difference d = 4
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	Geometric

example: 3, 12, 48, 192…

Common ratio r = 4
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	For (1 < r < 1,  the sum to infinity is 
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This is useful in bouncing ball problems:  total distance = 
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but use common sense, not formula.


Sets

Language: X ( Y means union of sets X and Y.  Union: combine sets.

X (Y means intersection of sets X and Y.  Intersection: common elements.
Five Venn-diagram-able set relationships:  D.I.C.E.S.



   A          B             A       B           A          B              A   B             A  B

Disjoint              Intersecting    Complementary      Equal          Subset 
A ( B = (            A ( B 
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Number of subsets of a set with n elements: 
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Number of proper subsets: 
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The only improper subset of any set is the set itself.

Probability


Definition:  
[image: image52.wmf]Number of interest

Number possible

       Factorial notation:  5! = 5(4(3(2(1=120

If probability of event A happening = P(A) = .57, then probability of A not happening is 1 ( .57 = .43 .  Event of “not A” is called “complement of A.”

A sample space is a set of all possible outcomes.  Charts are VERY helpful for several things, and especially dice and poker cards.
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Consecutive rolls of a single die, or of several thrown at once, require multiplication.  Example:  Find probability of getting all 3’s when rolling a single die.    Solution: 
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Probability of getting both aces when drawing two cards is

  (without replacement)  
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Permutations and Combinations

SUMMARY CHART

	Model
	Permutation
	Combination

	Books
	on a shelf
	in a gift box

	Officers
	distinct offices
	committee

	Letters
	in a word
	in a set

	Prizes
	distinct ranking
	top tier

	Digits
	in a number
	in a hand of cards


Mathematics Language and Details

	
	Permutation
	Combination

	notation
	(3,-1)  ≠  (-1,3)
	{3,-1} = {-1,3}

	abbreviation
	nPr
	nCr

	idea
	"n things arranged r at a time"
	"n things chosen r at a time"

	formula*
	nPr = 
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	nCr = 
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*The distinction between the two formulas is this: in the Combinations denominator, we divide out the number of indistinguishable rearrangements that are possible for each set, that number being r!.  

Permutation specialties

        Letters that repeat in a word (such as Mississippi): divide out repeaters.  Example: Mississippi has 11 letters, with i and s appearing four times each, and p appearing two times.  The number of permutations using all 11 letters is
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The principle above is useful in many problems.

   If n people sit in a circle, the number of permutations = (n ( 1)!

   If n keys are arranged in a ring, the number of permutations is 
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Probability of heads or tails on any fair-coin flip is always ½ .

Flipping three coins at once (or one coin three times) gives this sample space (set of possible outcomes):


HHH     HHT     HTH     HTT     TTT     TTH     THT     THH    

Using that sample space, find probability of getting at least two heads.

Advanced example: find the probability of getting at least one head.

Highly recommended solution.  (A)  Find probability of getting no head, which is 
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 from 1.  Done.   What is needed (probability of getting at least one head) is the complement of getting no head.  

Advanced example #2:  Find the probability of getting 2 eights or two face cards in two draws of cards from a poker deck.

Solution:  
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Pythagorean Triples

Students should know those that begin with


3, ______, _______

5, ______, ______

7, ______, _______


8, ______, _______

9, ______, ______

11, ______, ______


12, ______, ______

20, ______, ______



Also, all multiples of the above are also Pythagorean Triples.

Divisibility Tests

A number can be divided (without remainder) by

   2 if the last digit divides by 2 without remainder (or is 0, 2, 4, 6, 8)

   3 if the digit sum divides without remainder by 3

   4 if number formed by last two digits divides without remainder by 4
   5 if the last digit is a 5 or zero

   6  if it passes the 2 divisibility test AND the 3 divisibility test

   8  if number formed by last three digits divides without remainder by 8
   9  if the digit sum divides without remainder by 9

  10 if it passes the 2 divisibility test AND the 5 divisibility test (OR??)

  11 if the sum of every other digit subtracted from the sum of every other 

       other digit divides by 11, including zero, which divides by 11.

  12 if it passes the 3 divisibility test AND the 4 divisibility test


(Why won’t the 2 test and 6 test suffice to make a 12 test?)

  16 if number formed by last four digits divides without remainder by 16
Exponents
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Primes

Famous non-primes: 91 = 7 ( 13
 299 = 13 ( 23     1001 = 7 ( 11 ( 13

Students should look for twin primes and triplet primes.

2,3,5,7





233, 239, 241

11,13,17,19





251, 257


443, 449

23, 29





263, 269


457

31, 37








271, 277


461, 463

41, 43, 47





281, 283


479

53, 59





293



487

61, 67









491, 499

71, 73, 79








307

83, 89






503, 509





311, 313, 317

97

101, 103, 107, 109




331, 337


521, 523

113





347, 349


541, 547

127





353, 359


557

131, 137, 139





367



563

149







373, 379


569

151, 157





383, 389


577

163, 167





397



587

173, 179, 181





401, 409


593

191, 193, 197, 199





419, 421


599, 601

211





431, 433, 439

223, 227, 229

When testing 4001 for prime factors, don’t test past 
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Decimal Representation

.73 = 
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    .737373… = 
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.737373 = 
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            Find pattern:     
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Write 
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 as a common fraction.


[image: image82.wmf]3

.428571

7

=

      PATTERN?

Repeating decimals: middle of repetend divides representation into two halves; adding corresponding digits for sums of 9.  Which denominators?

Know by sight: 
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Write fractions and decimals in order of size.  Division remainder forms.

Roman numerals.

Sets of numbers:     Natural or counting numbers are  { 1, 2, 3, 4, … } .

     Whole numbers: { 0, 1, 2, 3,…}   Integers: { …(3, (2, (1, 0, 1, 2, 3, …}

    Rational numbers: any that can be written as a ratio of two integers.

Mental arithmetic:  71(5.4 + 29(5.4 = ?     38(42=?     55(55 = ?

“Reciprocal” ( “multiplicative inverse”      “Opposite” ( “additive inverse”

Find the ten’s (then hundred’s) digit of 
[image: image98.wmf]17
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Squares: 1 4 9 16 25 36 49 64 81 100 121 144 169 196 225 256 289 


324 361 400 441 484 529 576 625

Cubes:  1 8 27 64 125 216 343 512 729 1000

Greatest Common Factor, Lowest Common Multiple

I.  Factors for 150:  1(150, 2(75, 3(50, 5(30, 6(25, 10(15  (twelve in all)

                  for 80:     1(80, 2(40, 4(20, 5(16, 8(10 (ten of them in all) 

II.  Review of prime factorization:   150 = 15 ( 10 = 2(3(52 







80 = 8 ( 10 = 24 ( 5

   Prime factorization of 150 = 2(3(52 can be used to count the 12 factors.

  150 = 21(31(52  Now add one to each exponent of prime factorization, and multiply the results:

(1+1)(1+1)(2+1) = 2(2(3 = 12 .  

III.  Choosing between four ways of finding GCF and LCM is dependent on number size, ease of factoring, and how many numbers are given.


A.  From lists.  List all factors of the two (or more) numbers.  Choose the largest one in common.  This is the GCF.  

For the LCM, list multiples of the given numbers.  Choose the smallest number appearing in every list.  This is the LCM.  

B.  Prime factorization with “divides” bar (  6|18  ) per Dr. Dawn Slavens.  The number on the left of the “divides” bar is usually smaller than the number on the right.  

	To find GCF, a smaller number, write the given numbers on the right of the “divides” bars.  The number in the blank must be the biggest collection of factors that will divide into both prime factorizations.
	              2(3(52 


              24 ( 5


	To find LCM, a larger number, write the given numbers on the left of the “divides” bar.  The number in the blank must be the smallest collection of factors that can be divided by both prime factorizations.

	C.  The Mik method, named for the classroom teacher who mentioned it in a graduate-school class.



) 1 5 0____ 8 0


	D.  Euclidean algorithm and related theorem.  Use this when the given numbers are large or otherwise difficult to factor.




Fibonacci Sequence 1,1,2,3,5,8,13,…    Each term 
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     Sum of first six terms is (8th term ( 1) .   
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Prime/composite/neither.

                         1     1









   1     2     1


Pascal’s triangle                                                   1    3     3    1








        1    4    6     4   1









      1   5   10   10   5   1 

Base 6 arithmetic.  Six-penny dimes, six-dollars, six-dollar tendollarbills

+ and ( tables, base 6.  Then base two and base 12 also.

Know 
[image: image101.wmf]21.414   and   31.732

==

    Know square root extraction process.

Diagonal of 1 ( 1 square = 
[image: image102.wmf]21.414
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 and diagonal of 1 ( 1 ( 1 cube = 
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Per Cent 

Form conversion:  common fraction, decimal fraction, per cent.


______ of _______ is ________                     _______ ( ________ = ________

Interest I = principal ( rate ( time in years.  If time is expressed in months, time is a fraction with denominator of 12.

Discounts: use ideal case of $100.


Successive discounts of 20% and 20% are not the same as one discount of 40%.


A discount of 15% leaves a price of 85%, etc.


An increase of 15% leaves a price of 115%, etc.  

Per cent of increase OR decrease:   
[image: image104.wmf]startchange


 Winning/losing per cent: divide winning/losing number by total of wins+losses+ties.

Measurement geometry


Dimensional analysis


Ratios in similar solids: if edge or perimeter ratio is 
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Similar polygons: proportions based on sides opposite corresponding angles.  30(-60(-90( and 45(-45(-90( triangles.


Metric equivalents, metric-English approximations.


Ounces in a cup, pint, quart, gallon.  Feet and yards in a mile.


Feet in a rod; square feet in an acre.


Quarts/pecks/bushels.


Precision, accuracy, greatest possible error.

Library Problems

Average speed = 
[image: image108.wmf]total distance

total time

.  What is average speed for 180-mile trip, with speed going = 10 and speed returning = 30?  Answer is not 20.

Bacterial growth.  Handshakes.  Squares in checkerboard.  Goat grazing at barn corner.  School lockers.  Page numbers, serial numbers.

Rate of work.  Newton’s cow-grazing:

	If A cows eat the growing grass in L weeks and B cows eat the same grass in M weeks, for how many weeks will C cows eat the grass?

Let x = weeks for C cows.  Then
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Clock hands:   rate of minute hand = 60 spaces per hour



    rate of hour hand = 5 spaces per minute


After 3:00, hands will be together in 
[image: image110.wmf]3
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 of an hour.


After N:00, hands will be together 
[image: image111.wmf]11
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 of an hour.  Why?

  Clock: If the time is 12:45 a.m., what time was it 88 minutes ago?

Calendar:  If today is Tuesday, what week day will it be in 100 days? 

Miscellaneous

Euler’s formula for vertices, faces, and edges of solids.

Numbering quadrants on coordinate plane.  Equations of lines.

Slope and relationship to perpendicular and parallel lines.

For parabola or parabolic function or quadratic equation such as
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(A)  sum of roots is 
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  and product of roots is 
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(B)  minimum or maximum value of x is 
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(C)  minimum or maximum value of y is f  
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