Shaded Regions

Perimeters and Areas

Two pages of Shaded Areas problems follow.  All were constructed using only compass-and-straight-edge construction.  Students should also try to find the perimeters.  Each square has edge 2 units.  Not all of these have been solved; all that have been attempted have been solved.  Many are presented as solvable based only on this writer’s son’s hypothesis: “Dad, if you can draw it, you can find the area.”

The Lunes of Hippocrates and the Sickle of Archimedes are two theorems from geometry that can be made into problems of verification.  Shaded regions are the heart of these theorems, indicating that while the problems that follow on the next two pages can be very sophisticated, there are related principles that also have historical attached.  

Constructing the Lunes of Hippocrates

         1. Draw a 2/3 or 3/4 circle; label center O.

         2. Draw diameter 
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through O. 
   




         3. Mark point P on semicircle; draw 
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 and 
[image: image3.wmf]BP

.

         4. Bisect 
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 and 
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; call midpoints X and Y.

         5. Draw semicircular arcs 
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AP

and 
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using X and Y as centers.

The sum of the areas of the moons or lunes thus constructed equals the area of     APB This may be one of the least intuitive theorems in all of mathematics.  Students can discover or demonstrate this theorem.   Prerequisites include circle area formula and the Pythagorean Theorem.

Constructing the Sickle of Archimedes

1.  Choose a point O for the center of a semicircle, and draw semicircle.

2.  Draw the diameter 
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. Radius of O is c .

3.  Pick any point on the diameter, and mark it and call it P.  (Close to, but not on, the center O will give you more room to think and see.)

4.  Bisect 
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 and 
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  Call the bisection points M and N respectively.

5.  Draw semicircles with centers M and N and radii a = AM and b = BN.

6.  Shade portion of original semicircle outside of two new semicircles.

The shaded portion is called the Sickle of Archimedes.  Show that its area is 
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= area of circle with diameter d, where d is length of the perpendicular to 
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 at P from the original semicircle.
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