The Seven or Eight Bridges of Konigsberg

Sam Loyd (in Gardner, Mathematical Puzzles of Sam Loyd) recounts the interesting history of this problem, which evidently dates back to 1735.  In that year, a committee of young people asked the very young mathematician Euler to examine a problem that had amused the townspeople of Konigsberg.  The problem was to find a route that would take them over each of the bridges shown on this map exactly once.  

Loyd asked his readers to find all possible routes, and determine which is shorter.  Loyd’s version includes eight bridges.  He ascribes the seven-bridge version to W. Rouse Ball, but credits Baedeker with the accurate eight-bridge map that is roughly redrawn here.



 




Olivastro’s Ancient Puzzles quotes Euler himself on the matter (reference not given), and Euler’s version has seven bridges, with the one in gray above omitted.  Whereas the gray bridge makes sense from the standpoint of transportation efficiency, this version of the problem is the one that Euler studied, evidently giving birth to the branch of mathematics known now as graph theory.  

The modified map comprises a significantly different situation and thus a new problem, though the question is the same.  Let this alternative version be stated this way: find a route, with each bridge used exactly once, or show that it is impossible to find such a route. 

Hint 1:  These problems are solved using the same modification as the house/doors problem in the Polya/strategy orientation list.

Hint 2:  The modification involves identifying where the “rooms” and “outsides” are. 

The Bridge Problems Solved








The dots added are the “rooms” and “outsides.”  The bridges are the doors.  Required route lines are shown.
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Three lines meet at vertex

B, and five meet at C.  An even number of lines meet at all other vertices.  So the route is possible if it begins at B and ends at C, or vice versa.


 








With the gray bridge eliminated, 

odd numbers of lines meet at all four vertices.  If no vertices or if two vertices have odd numbers of lines meeting thereat, the route is possible; otherwise, the problem is impossible, which this version is. 

