More on Verification

The struggle for verification can be just as thrilling as the aha!, the insight, the illumination, the release of the tension of accepting the challenge of problem-solving.  Methods of proof in mathematics vary widely, and is a rich subject of study by mathematicians.

The direct, deductive, syllogistic proof of high school geometry is sometimes the subject of the problem itself.   The Captain Pi, mathematical pirate, problem from A Course in Geometry by Weeks and Adkins involves a proof of around 250 steps, and the drawing of more auxiliary lines that there are lines that pose the problem.  The algebra problems involving the grazing of growing grass and the horseman and troops are algebra problems that everyone should attempt at least once in one’s lifetime; Captain Pi is equally majestic as a problem of direct proof and deductive logic.

But the verification of solutions that are not themselves proofs is the subject of this discussion.  In other words, a solution may have been obtained by the methods suggested in the list of strategies, but verification may be elusive.  This is particularly when one has found a general solution to a particular problem.  Following are examples of problems that lend themselves to general problems in need of formal verification:

I.  Simple (addition only)


A.  Sum of counting numbers (triangular numbers; lines joining n non-collinear points; points determined by n coplanar non-parallel lines)


B.  Sum of odd (or even) counting numbers


C.  Sum of squares of counting numbers


D.  Sum of squares of odd (or even) counting numbers

II.  Complex


A.  Diagonals for n-sided polygon


B.  Regions for n-sided irregular polygon


C.  Pizza cuts: n cuts produces how many regions = f(n)


D.  Old Timer


E.  Tower of Hanoi


F.  Subsets


G.  Toothpick triangles


H.  Weights on pan balance


I.  Chain links

Each of the preceding problems has an elementary version for a fixed number of disks, or chain links, or coins, etc.  Each also has a general problem involving an unspecified number n of disks, etc.  The general solution to these latter problems is usually an equation, formula, or function.  This function is tough to verify without a remarkable process that mathematicians call mathematical induction.


The general process of mathematical induction has two parts.


First, the truth of the function must be shown when there is n = 1 -- that is, there is only one disk or coin or chain link.


Second, the truth of the formula f(n) is assumed to be true for n disks or coins, etc., and, based on that assumed truth, it must be shown that the primitive production of moves for n+1 disks or coins produces a number of moves that matches the number of moves indicated when n+1 is substituted into the f(n) formula.  This process requires algebra at the level of high school algebra, usually after the second year of study.  A college algebra course will suffice if it is substantial enough to prepare the student for calculus -- and many are not.  This also requires that the verifier be able to describe how the number of moves systematically increases as the number of coins or links increases, and this can be tricky.


A final step in mathematical induction, usually omitted, is to argue that since the function works for n = 1 and for any next n+1, the function will work for n=2, and therefore for n=3, and so on for every number.

Examples for many of the problems listed above are given in the table that follows.  Once the reader understands the first two or three, most of the rest are much easier and are even enjoyable.  The challenge can be as thrilling as any actual illumination.

The most complex example involves the maximum number of regions of an irregular polygon that are formed by its non-parallel, minimally-concurrent diagonals.  The entire experience of verifying this follows the tables.   


An example of Proof by Exhaustion is given for the problem of moving a knight around a 4 ( 4 chessboard.  Proof by Exhaustion involves systematically identifying all possible solutions, and showing that (in the case of the 4 ( 4 chessboard) no solutions work.  A solution by elimination involves the five girls trying out for basketball.  The clues do not directly tell who the center is, but the clues eliminate everyone else.


Indirect Proof examples include the problem of the three men and the hats.  The problem is solved by assuming that the blind man has a hat of one color, which leads to a contradiction.  Angel and Porter’s identification problem requires a guess that, if wrong, is not proof but is  nevertheless informative and exemplifies indirect strategy.  

