Polygon Regions Analysis

Dr. Stan Hartzler      Midwestern State University

Given an irregular n(gon, no two diagonals of which are parallel, and no three diagonals are concurrent in the polygon’s interior.  (For a triangle, there are no diagonals and one region; for a quadrilateral, two diagonals make four non-overlapping regions; for a pentagon, five diagonals determine eleven non-overlapping regions.)  How many non-overlapping regions are determined by the diagonals, as described above, in an n(gon?

The struggle to make this problem a mathematical induction exercise began days ago by determining y = f(n) = number of non-overlapping regions.  The initial data collection began this way:

	n = nth polygon*
	number of sides
	diagonals
	regions

	1
	3
	0
	f(1) = 1

	2
	4
	2
	f(2) = 4

	3
	5
	5
	f(3) = 11


*Note the shift in the assignment of n between the table and the initial problem statement.

At this stage it became clear that systematic counting would be needed. An irregular hexagon was drawn with its diagonals.  Regions around the outer edges were counted.  The edges of these regions that were closest to the center of the hexagon formed the boundary of another polygonal region, and another group of regions with outer edges on this rim was identified and counted.  This was repeated for a seven-gon.  The patterns disappeared for an eight-gon.  By this time, it was clear that enough polygons had been explored to find f(n).

	n = nth polygon*
	number of sides
	diagonals
	regions

	1
	3
	0
	f(1) = 1

	2
	4
	2
	f(2) = 4

	3
	5
	5
	f(3) = 11

	4
	6
	9
	f(4) = 25

	5
	7
	14
	f(5) = 50

	6
	8
	20
	f(6) = 91
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	n + 2
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	f(n) = 
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To completely set the stage for mathematical induction, a recursive method of generating each next f(n+1) using f(n) was needed, based on the experience of systematically producing the instances of f(n) when n ranged from 1(6 above.  Such methods exist for 

· counting subsets; previously, we had established that f(n+1) = 2f(n) because, to generate a set F of four elements, one may take a set T of three elements and make a “photocopy” of its eight subsets, then add a fourth element to each “copied” subset to generate a complete set of subsets of F.
· the Tower of Hanoi; f(n+1) = 2f(n) + 1, because f(n) steps are needed to “free” the largest disk, one move to place the nth disk, and f(n) more steps to cover the largest disk again.

How could one think about the creation by diagonals of polygonal regions using some similar recursive thinking?

Such was the project at Friday night’s MSU-vs.-Drury basketball game.  An irregular nine-gon was drawn on a file folder and the diagonals added carefully.  From one vertex A, six = 9 ( 3 diagonals were drawn, making seven regions.  From an adjacent vertex B, six more diagonals were drawn, but very slowly, and beginning with 
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.  
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 split each of the initial seven regions into two regions, making seven more. Likewise, 
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 produced six new regions, 
[image: image6.wmf]BG

 produced five, 
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 produced four, 
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 produced three, and 
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 produced two.  PATTERN!     
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A “new regions added by” table emerges.  

	Diagonal
	To I
	To H
	To G
	To F
	To E
	To D

	From B
	7
	6
	5
	4
	3
	2

	From C
	11
	9
	7
	5
	3
	

	From D
	13
	10
	7
	4
	
	

	From E
	13
	9
	5
	
	
	

	From F
	11
	6
	
	
	
	

	From G
	7
	
	
	
	
	


Patterns thus continued when beginning with C, then D, and so on.  Each row is an arithmetic progression with common difference increasing with each successive row.  Each column also seems to want to end with a one.  The situation begs for more information, particularly for n < 7.

For n = 6 (eight sides): Six initial regions plus these new regions:

	Diagonal
	To H
	To G
	To F
	To E
	To D

	From B
	6
	5
	4
	3
	2

	From C
	9
	7
	5
	3
	

	From D
	10
	7
	4
	
	

	From E
	9
	5
	
	
	

	From F
	6
	
	
	
	


 For n = 5 (seven sides): Five initial regions plus these new regions:

	Diagonal
	To G
	To F
	To E
	To D

	From B
	5
	4
	3
	2

	From C
	7
	5
	3
	

	From D
	7
	4
	
	

	From E
	5
	
	
	


For n = 4 (six sides): Four initial regions plus these new regions:

	Diagonal
	To F
	To E
	To D

	From B
	4
	3
	2

	From C
	5
	3
	

	From D
	4
	
	


For n = 3 (five sides): Three initial regions plus these new regions:

	Diagonal
	To E
	To D

	From B
	3
	2

	From C
	3
	


The left-most column, plus one, constitutes what is added recursively to f(n) to produce f(n+1) .  Is this addend systematic?  If so, this recursive addend could be a function, named here g(n).

The question of the “plus one”, and the ending of each row that seemed to need a one, were a back-of-the-mind puzzle as Saturday morning’s running began.  About halfway through the run, the notion of spreading those seven initial regions across the table, one at a time, was born.

	Diagonal
	To I
	To H
	To G
	To F
	To E
	To D
	“To C”
	Common d

	From B
	7
	6
	5
	4
	3
	2
	1
	1

	From C
	11
	9
	7
	5
	3
	1
	
	2

	From D
	13
	10
	7
	4
	1
	
	
	3

	From E
	13
	9
	5
	1
	
	
	
	4

	From F
	11
	6
	1
	
	
	
	
	5

	From G
	7
	1
	
	
	
	
	
	6

	“From A”
	1
	
	
	
	
	
	
	


Now every row is an arithmetic progression with the smallest element 1, with each successive row shorter by one term, and each successive common difference larger by one.  The entire table is the addend needed to change f(n) to f(n+1).  Finding this addend = g(n) may come by looking at arithmetic progressions.

The nth term of an arithmetic progression an = a1 + (n(1)d, where a1 is the first term and d is the common difference.

For n = 7, the nine-gon, the change to the addend comes from the column under I.

The sum of the first n counting numbers is 
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 This is useful for obtaining the final sum in the last column, last row.  Above that, find

1n + 2n + 3n + 4n …+ 7n = (1 + 2 + 3 + … + 7)(n = 
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	Diagonal
	To I
	a1 + (n(1)d
	
	

	From B
	7
	= 1 + 6(1
	= 1 + (n ( 1)(1
	= 1 + 1n  (  12

	From C
	11
	= 1 + 5(2
	= 1 + (n ( 2)(2
	= 1 + 2n  (  22

	From D
	13
	= 1 + 4(3
	= 1 + (n ( 3)(3
	= 1 + 3n  (  32

	From E
	13
	= 1 + 3(4
	= 1 + (n ( 4)(4
	= 1 + 4n  (  42

	From F
	11
	= 1 + 2(5
	= 1 + (n ( 5)(5
	= 1 + 5n  (  52

	From G
	7
	= 1 + 1(6
	= 1 + (n ( 6)(6
	= 1 + 6n  (  62

	
	1
	= 1 + 0(7
	= 1 + (n ( 7)(7
	= 1 + 7n  (  72

	The expression 
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 is shorthand for 
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The last expression in the lower right cell becomes 
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This function is g(n(1) because its value is added to the number of regions produced by an irregular polygon of n(1 sides.  To find g(n), n+1 is substituted for each n in g .  The result is  

g(n) = 
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This is part two of the “Recursion Aid.”  

	n = nth polygon
	number 

of sides
	diagonals


	difference

(add to f(n))
	regions

	1
	3
	0


	
	f(1) = 1

	2
	4
	2


	3
	f(2) = 4

	3
	5
	5
	7
	f(3) = 11

	4
	6
	9
	14
	f(4) = 25

	5
	7
	14
	25
	f(5) = 50

	6
	8
	20
	41
	f(6) = 91

	7
	9
	27
	63
	f(7) = 154

	………
	………
	………
	………
	………

	n
	n + 2
	
[image: image19.wmf]2

2

2

-

+

n

n


	
	f(n) =
[image: image20.wmf]24

10

11

2

2

3

4

n

n

n

n

+

+

+



	n + 1
	n + 3
	
	g(n)=
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The reader is invited to verify that f(n) + g(n) = f(n+1) algebraically.  Meanwhile, the problem-solver is euphoric, and while writing this test, listened to the following:

Don’t be afraid to try the greatest sport around

Those who don’t just have to put it down

You paddle out, turn around and raise 

That’s all there is to the coastline craze

You gotta catch a wave, and you’re sittin’ on top of the world

Not just a fad, ‘cause it been goin’ on so long

They said it wouldn’t last too long

They’ll eat their words with a fork and spoon

And watch ‘em, they’ll hit the road and all be surfin’ soon

And when they catch a wave; they’ll be sittin’ on top of the world

So take a lesson from a top-notch surfer boy

But don’t you treat it like a toy

Just get away from the shady turf

Go catch some rays on the sunny surf

And when you catch a wave, you’ll be sittin’ on top of the world





-  The Beach Boys, Catch a Wave
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