Chapter VI

Generalization and Discrimination
Psychology of Learning with Applications

The issue of context of learning is fairly well known.  The degree to which learning can be inadvertently bound to context often escapes the attention of teachers.  Of further interest is how early the importance of context shows in infant learning.  

The term generalization is used here to name the learning process whereby the learner sees commonality between instances of items, ideas, events, and so on.    

The term discrimination is used here to name the learning process whereby the learner sees differences between instances of items, ideas, events, and so on, for which commonalities are also strong.    

As a goal, generalization and discrimination is the ability to examine instances, perceive commonalities and distinctions, and to describe these with confidence.  At times, the perception aspect is gradual, as when people incubate over mathematics problems or science hypotheses.  The description aspect may follow slowly, as when a discoverer says, “What am I seeing?”  

In these ways, generalization/discrimination as a goal is different from associative network, which is a feature of knowledge structure in the brain.  Generalization/discrimination may strengthen the associative network.  When one learns that both dogs and cats get a certain ailment, the similarities links between the two is strengthened.  When one learns that cats characteristically run wildly through their dwellings each day and night, and dogs don’t, the distinctions links are strengthened.  Thus, the generalizations and discriminations enhance the associative network.  
The issue arises at birth.  Searching for a way to amuse her infant, a studious mother (Rovee and Rovee, 1969) tied a ribbon to the crib mobile and then to the infant’s leg.  She jiggled the leg so that the mobile moved.  The infant quickly associated leg movement with mobile movement and initiated leg movements, enjoying the results.  The mother returned to her studies.  


When the mother tried this some days later with a new mobile, the infant had to have the mother jiggle a leg before the infant began kicking independently once again.  The prior learning had been associated only with the first mobile.  

But the experience with the second context (the second mobile), generalization took place.  For when a third mobile was introduced, the infant needed no help in initiating the kicking.  The kicking had been generalized to all mobiles.  

The importance of this discussion to teaching and to teacher training were underscored in this edited summary of visits to student teachers in the fall semester of 2003:
The subject of decontextualization came up during the follow-up to the first formal observation of a student teacher in Kindergarten.  Seeing her students just singing/saying the counting numbers in order (while teacher pointed in order) led to the question, “Can the students say the name of 13 when the teacher follows the song with pointing to only the 13, outside the context of the song/chant order?”  
The student teacher tried this out-of-context step the next day, and reported back: “Only a few could, and many that I expected to be able to couldn’t.”  Context and decontextualization were discussed more: infants, crib mobiles, and mobility, as detailed below).  

Attention turned to phonics exercises, where students saw all 26 alphabet letters listed in two columns.  On another arrangement, these letters were listed in nine rows.  In a third assortment of two rows, both upper and lower cases were given.  In the first two arrangements, each letter was accompanied by a drawing of an object for which the name began with that letter and a typical sound made when the name is read.   The letter a was beside a drawing of an apple, for example, and the letter k might have been beside a picture of a kite, but not a knife.  For the first two assortments, the pictures differed as did the row/column arrangement.  We discussed the positive power of the three differing contexts for generalization/discrimination.  

Next stop was a high school mathematics class.  The subject (most generally stated) was properties of relationships.   

· Does a number (or whatever) relate to itself?  (Reflexive property)

· If one number (or whatever) relates to a second, does the second relate back to the first in the same way?  (Symmetric property)

· If a first number (or whatever) relates to a second, and if the second relates to the third in the same way, does the first relate to the third?  (Transitive property)

The specific example of relationship was the most common of all, and thus possibly the most useless: “equals.”  Thus the discussion was narrowly focused on

· Does a number equal itself?

· If one number equals a second, does the second equal the first?

· If a first number equals a second, and if the second equals the third, does the first equal the third?

The answer to all three questions is, “Yes.”  “Congruent” and “similar” are likewise vapid, ordinary, and lacking in instruction power.  There is no new context to raise the important clarifying questions…

And the students were having trouble.  After class, the suggestion was made to change the context in two ways: that the examples stop being all-three-true (“equivalence relation” in mathematics) and give the students relationships like 

· greater-than, where only the third question gets a yes:
· Is a number greater than itself?  Is 7 > 7 ?

· If six is greater than four, then is four greater than six?

· If 6 > 4 and if 4 > −5, then is 6 > −5 ?

· greater-than-or-equal-to, where only first and third get yes

· parallel to (for lines), where the second and third are true:
· Is a line l parallel to itself?  Is l 
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· If line l 
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· If line l 
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· perpendicular to (for lines) where only the second is true

Another kind of decontextualizing of these relationship properties would have departed from mathematical entities and relationships altogether.  The relationship could be “Is the brother of”, which requires a careful definition, by the way.  The statements would have become
· Is a man his own brother?

· If a man Dan is the brother of sister Mary, is Mary the brother of Dan?

· If Van is the brother of Dan, and if Dan is the brother of Mary, is Van the brother of Mary?

(Most would say yes only to the third statement.  If “sibling” were used instead of “brother”, then the second would also be true.)  The point is that understanding these properties is far easier in multiple contexts, so that the issues and meanings can be decontextualized.

The student teacher and the two cooperating teachers were all impressed by the idea, which seemed new to them all.

The importance of decontextualization appears from the earliest months.  Rovee and Rovee (1969) showed that training an infant to kick to move a crib mobile will not transfer to a second mobile, but that training to two different mobiles will transfer to a third.  Cognitive psychologists have also noted that when a child begins to crawl, a toy that was once a toy only in the crib is now a toy everywhere, and this mobility greatly stimulates learning by decontextualizing.  In this is seen the wisdom of students reading in all basic courses, doing arithmetic in all possible courses, and having to think “same/different” in all courses at all grade levels.     

Definitions in mathematics (and elsewhere) are most helpful if there are clearly two parts: (1) a telling of what something basically is, and (2) how it is different from others that also are what it basically is:

A triangle is a polygon (what is basically is) with three sides (how it differs from other polygons that are not triangles).  

In this definition is also found context (polygon) , then decontextualizing number of sides).  

The issue also arose when yet another student teacher was showing children a pattern in basic-fact products involving 9:  When 9 is multiplied by another digit, the product begins with the digit that is one less than that other digit, and ends with yet another digit that gives a digit sum of 9.  The idea came across; one component was to divorce the digits from the context of the product:


If 9 × 3 = what? (27), then the product is what? (27), and digits of the product are what? (2 and 7).  The sum of those digits is what? (9).

If 9 × 7 = what? (63), then the product is what? (63), and the digits of the product are what? (6 and 3).  The sum of those digits is what? (9).


Etc.

The issue probably would have moved along faster for all children if the words “product” and “digit” had been used the same way in each new context.  This student teacher used several different contexts, and the lesson succeeded.          

Inability of teachers in general and mathematics teachers in particular to understand the issue is due in part to traditional drill sets, where contest of a particular topic is absent.  Nearly every topic in arithmetic is devoid of context, and some are so refined that the general principle to be learned will be missed entirely, frustrating the student.  

More than most others, two particular topics and the traditional arrangement thereof illustrate this deficiency.  When students do the exercises provided as follows, what transpires is an illusion of education, and the objective that students need to learn is never encountered.  
The two topics are rounding off and decimal division.  Standard textbooks tend to sort the topic of decimal division into several days of one individual problem type or "case." The first problem set typically involves whole-number divisors, thus no moving of decimal points.  The next day's set is entirely one-place moves; the third day's set is entirely two-place moves, and so on.  Generalization is impossible.  An alternative procedure is offered below. 

Following is a typical day-by-day sorting of special cases of the topics, one tree at a time, with no ongoing review to provide the perspective of the forest, making the lesson “teachable” but, devoid of generalizability, non-educational:
Standard textbook sort of roundoff:

         

         

Day One:  Round off to the nearest ten:

              

55   64
38   29
  92   ..  143    177   8166 ..

         

Day Two:  Round off to the nearest hundred:  
              

255   764
  238   529    4443    2877     8166 . . .

         

Day Three:  Round off to the nearest thousand:

              

2345    8642    3749    66441   49701    227733. . .

The question is this: will the general idea of rounding off be communicated as well with this method as it would be if the students were given a few of each type on the first day, and a mix again on the second day, and so on until the skill and idea are in place?

Recommended here is the mix, revisited daily, so that the student can generalize across varied round-off targets (place values) and learn the principle of rounding off.   


Standard textbook sort of decimal division:

Day One:         
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0.902


Day Two:
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     .28.77


Day Three:    
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 1.9349701     .79.9102


The question is this: will the general method of decimal-point location be communicated as well with this method as it would be if the students were given a few of each type on the first day, and a mix again on the second day, and so on until the skill and idea are in place?

Recommended here is the mix, revisited daily, so that the student can generalize across varied amounts of decimal point moving and learn the principle of decimal point locating in division.   
If the teacher elects to show students a few of each type of decimal move the first day, and a similar but shorter variety each of the next several days, the student can begin to generalize the basic idea, the whole picture, right away, and is given several days' patience to assimilate. 

Such a procedure is here recommended. While the usual sorting is more convenient for teachers and students, it is common for students to breeze through such assignments and never learn. As the original NCTM Standards (1989) said so well, it is often true that the whole is greater than the sum of its parts.

The power of generalization and discrimination is employed artfully by the Bob Books series.  One book features the words sat, cat, Sam, and Matt.  The sound of the letter a was constant regardless of the context.  The -at ending was constant regardless of the beginning.  The letter s was common to two beginnings.  

The situations described here have the common and highly desirable characteristic of proximity.  The different displays of the alphabet, the different kinds of rounding-off and division problems, and the words in the Bob Books were encountered within a small enough time frame to maximize the chances for noticing similarities and differences.    
Permutation/Combination

The following is an exhaustive but effective discussion that employs the mind’s faculties in generalizing and discriminating to understand and distinguish between two important and related but distinct ideas in mathematics and science.  
The reader will examine five situations -- Books, Officers, Alphabet Letters, Prizes, and Digits, wherein both permutations and combinations can be described and contrasted.  Across all five situations, the reader will be provided with an opportunity to visualize and generalize what permutations are, and what combinations are, and will be able to understand how permutation situations can be discriminated from combinations.  The same language will be used as much as possible to emphasize the similar and contrasting aspects.  
The reader may become aware of the need for multiple examples.  Most readers find nothing helpful in the first example alone.  As the second and third examples tend to allow patterns to form, understanding (an associative network) is enabled as an associative network begins.

One reading will not suffice for recall, of course.  Rereading the examples and sharing these with students will help with recall, as will applications to standard problems.  Every standard problem will suggest an analogy to one of the five situations.  This will help identify the problem as permutation or combination, and will help the student solve the problem.

Whereas the writer first encountered permutations and combinations in an upper-division probability and statistics course in 1967, and then spent ten more years getting the ideas straight, students in middle grades classes are now expected to make the distinction and count the possibilities.  Confusion expressed by one of the teachers at a training workshop this past summer motivates the formal discussion that follows, based on an organization used by in-service and pre-service audiences to help develop a conceptual understanding.

Definitions:  A permutation is an ordered or arranged subset; a combination is an unordered subset.  (The reader is expected to get nothing from those definitions at this point.)

Books:


Permutation. The boss is coming over for dinner and an impressive bookshelf is needed.  Ten books of varying colors, sizes, and topics are available, with room on the shelf for six.  Different arrangements will look different; the heights might decrease from left to right, or increase; perhaps the tallest should be in the middle, and so on.  How many arrangements (permutations) are possible?   


Combination.  My mother has let me know that she would like books for Christmas.  She sends a list of ten titles; I can afford to buy six.  She will get the books in a box.  Each gift-collection of six books (combination) will be the same for Mom no matter what order she takes them from the box.  How many gifts are possible?


(The reader should still not expect to understand anything yet.)

Officers in a Club


Permutation.  The mathematics club has ten members.  The different offices are President, Vice-President, and Bouncer.  If Alice is President, Bill is Vice President, and Chuck is Bouncer, we have a different slate of officers from that of Bill being President, Alice being VP, and Chuck being Bouncer.  How many slates (permutations) are possible if all ten members are eligible?


Combination.  The mathematics club has a cleanup committee consisting of Alice, Bill, and Chuck, all with the same committee membership.  How many such cleanup committees (combinations) are possible if all ten members are eligible?


(The reader might begin to understand at this point, but if not, just keep on reading.)

Alphabet Letters


Permutation.  The word was is different from the word saw because of the arrangement of letters.  How many different words (permutations) are possible if each letter of the alphabet may be used once at most?


Combination.  A Wheel-of-Fortune contestant spins the wheel; the marker stops at a spot that says, “Pick three letters.”  The order that the contestant calls them out is not important; Vanna will still turn them all before the game proceeds.  How many three-letter guesses (combinations) are possible from the eligible alphabet letters?  Alternative: differing letters distributed in a Scrabble game.


(The reader should be catching on.  The summary chart at the end might be helpful.)

Prizes


Permutation.  The first-place winner gets $500; second-place gets a different $300; third-place gets a different $100.  The winnings are different if the first-place and second-place winners trade places.  How many sets of place winners (permutations) are possible from 50 entries in the raffle?


Combinations.  The three top winners each get the same $400; the order doesn’t matter.  How many sets of top winners (combinations) are possible from 50 entries?  

Digits


Permutation.  The number 452 is different from the number 524 because of the different order.  How many different three-digit numbers (permutations) are possible if the digits are chosen from 1 through 9?


Combination.  In poker and other card games, the order that cards are dealt to each player doesn’t matter; the player arranges and plays cards without any attention to the order in which the cards were received.  If a player is dealt a four, then a five, and then a two, this is the same as being dealt a five, then a two, then a four.  How many different poker hands (combinations) are possible if each hand consists of five cards dealt from a deck of 52 cards?

Following is a summary chart for possible classroom posting.  After the initial introduction, the poster may be used for the needed review and recall practice, which may be followed by example problems for practice in applying the learning to new situations. 


SUMMARY CHART

	Model
	Permutation
	Combination

	Books
	on a shelf
	in a gift box

	Officers
	distinct offices
	committee

	Letters
	in a word
	in a set

	Prizes
	distinct ranking
	top tier

	Digits
	in a number
	in a hand of cards


Mathematics Language and Details

(High school level?)

	
	Permutation
	Combination

	notation
	(3,-1)  ≠  (-1,3)
	{3,-1} = {-1,3}

	abbreviation
	nPr
	nCr

	idea
	"n things arranged r at a time"
	"n things chosen r at a time"


	formula*
	nPr = 
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	nCr = 
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*The distinction between the two formulas is this: in the Combinations denominator, we divide out the number of rearrangements that are possible for each set, that number being r!.  

         

Permutation specialties

To count “re-spellings” of words wherein letters repeat in the original word (such as Mississippi): divide out number of repeaters.


Example: Mississippi has 11 letters, with i and s appearing four times each, and p appearing two times.  The number of permutations using all 11 letters is

[image: image12.wmf]!

2

 

!

4

 

!

4

!

11


If n people sit in a circle, the number of permutations = (n ( 1)!

· If n keys are arranged in a ring, the number of permutations is 
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The story of Spotty the Turtle Wins a Race gave students the opportunity to generalize what was true in both stories and discriminate between the two.
This writer once put together a chart whereby future teachers would have a chance to generalize across, and discriminate between, various types of advice that they were hearing, would hear, and should hear about how to think and function as a teacher.  What they were hearing was needed for passing a certification exam (Praxis, in Louisiana).  

What they would hear in the future would be the street wisdom of teachers, which is sometimes helpful (as in the idea of cumulative exams) and sometimes not (as in faculty-lounge gossip and cynicism).  What they should hear is classroom practices that are supported by Principles of Learning.  
The chart is reproduced below.  It is offered here as another example of schematic organization so as to facilitate learning.  An additional purpose is as an attempt to sell cognitive psychology as a more reliable source of important learning principles than the other two.
Praxis World vs Real World vs Cognitive Science

	
	Praxis*
	Real
	Cognitive

	Foundations

Issues
	Theoretical viewpoints (behaviorism, developmentalism,

constructivism)
	experience as teacher and student; pointers from colleagues
	science-basis per controlled experiments and

precision instrumentation

	Learning styles
	emphasized
	impractical
	(silence)

	Situated learning

· cooperative

· in applications
	strong
	mixed
	mixed

	Computer-Assisted Instruc
	supported with limits
	supported with limits
	supported with limits

	Student Practice
	(silence)
	drill
	distributed practice

	Piaget
	honored developmentalist
	stages used as excuses
	mostly discredited

	Early childhood
	"developmental

appropriateness"
	"developmental

appropriateness"
	almost unlimited potential

	Assessment
	varied
	traditional
	cumulative

	Management
	non-authoritarian
	authoritarian
	attention-based

	Nature vs. nurture
	both
	both
	nurture

	Peer tutoring
	supported
	supported?
	strongly supported

	Basic Skills and

Problems
	problem-based instruction
	both weak and weakening
	both big but basics first

	Giftedness, creativity, talent
	genetic?
	genetic
	a function of practice

	Initial learning
	activity
	lecture; activity
	attention

	Recall
	(silence)
	despair
	association, review, stress

	Class size
	small
	large
	early years: small

	Competition
	discouraged
	mixed
	supported for child vs. self

	High Expectations
	supported
	rare
	supported


*and what is usually regarded as good teaching in professional literature

Other examples can be found in the writer’s section on Connections.  Students profit from seeing fractions contrasted in a single table, with regard to form and denominator issues:
Add vs. Subtract vs. Multiply vs. Divide
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On another level, students and others often confuse issues such as science and faith.  The following may allow the proper discrimination:


Faith is the substance of things hoped for, 

the evidence of things not seen.

Science is the systematized knowledge of nature and the physical world, derived from observation, study, experimentation, and deductive reasoning, together with the systematic processes of obtaining that knowledge.

Faith helps people with issues like who we are (how we should think of ourselves), how do we relate to each other, what should our goals be, who or what is the final authority in answering these questions, and so on.

Science helps answer questions about natural phenomena and raise other questions, and helps make many practical aspects of life easier, safer, etc.

As children acquire correct English language, proper use of pronouns is an important indicator of good progress.  That issue is vast, which escapes the attention of most until the details are presented as follows:

Pronoun Organization

	
	subjective
	objective
	possessive
	reflexive

	1st

singular
	I am

joyful.
	Joy is for me.
	adjective: 

My joy is strong.

pronoun: 

Strong joy is mine.
	myself

	2nd
singular
	You are joyful.
	Joy is for you.
	adjective: 

Your joy is strong.

pronoun: 

Strong joy is yours.
	yourself

	3rd

singular
	He-she-it

is joyful.
	Joy is for

him-her-it.
	adjective: His-her-

its joy is strong.

pronoun: Strong 

joy is his-hers-its.
	himself, herself, 

itself

	1st
plural
	We are joyful.
	Joy is for us.
	adjective: 

Our joy is strong.

pronoun: 

Strong joy is ours.
	ourselves

	2nd
plural
	You are joyful.
	Joy is for you.
	adjective: 

Your joy is strong.

pronoun: 

Strong joy is yours.
	yourselves

	3rd
plural
	They are joyful.
	Joy is for them.
	adjective: 

Their joy is strong.

pronoun: Strong joy is theirs.
	themselves


Mastery of arithmetic facts is facilitated by different kinds of practice: games, flash cards, and timed tests. Applications also help.  Initially, addition facts are practiced separately from subtraction facts, etc.  

At some point, however, addition facts need to be practiced along with the facts for subtraction, multiplication, and division.  Learning long division (needed in algebra and calculus) underscores the need for such gearshifting practice.
The discussion below incorporates the learning issues of context and representation, with long division as the topic.  Generalization and discrimination are at the forefront of the question of when to incorporate the manipulative illustration.
WHOLE-NUMBER DIVISION:

A MANIPULATIVE ILLUSTRATION

Four children divide 381 cents to illustrate long division. The problem is shown here.
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Using dollars to represent hundreds, dimes to represent tens, and pennies to represent ones, answer the following: 

         The one at the bottom tells what ?

         The five in the quotient tells what?

         The 21 tells what?

         The 20 under the 21 tells what?

         The two that results from the first subtraction tells what?

         For the problem above, tell

              a) the number of groups

              b) the number in each group

Question 1: Should the algorithm be taught first, then the manipulation, or should it be the other way around, or should we go for both at once? Or skip it?

Question 2: Your professor says that some manipulatives are great for nearly everyone (area squares), and some ideas are impossible to illustrate with manipulatives, and some ideas may or may not be helped by manipulatives, depending on many characteristics of the children and the topic. One rule of the thumb, however, holds for all topics: don't buy manipulatives from a catalog until you've thought about using a manipulative you already own  -- rubber bands, or toothpicks, or whatever. How does the illustration of this page fit into that admonition?

Following is a brief summary of issues in various disciplined related to generalization and discrimination:
	Discipline
	Generalization:

Shared Properties
	Discrimination:

Distinctions

	Language Arts
	Words: parts of speech

  example: 

   noun:

    person/place/thing
	proper/not proper

singular/plural



	
	        vs.
	

	
	  Sentences
	declarative, interrogative

	

	Natural Science

Biology


	Animal Classes: 

    insecta (six legs)
	Orders (26 for insecta)

	
	vs. 
	

	
	Animal relationships
	parasitic, symbiotic, 

	
	
	

	Natural Science

Chemistry
	Rows or columns of

Periodic Table
	Particular elements

(row AND column)

	
	vs.
	

	
	chemical bonds
	Ionic, covalent, metallic,… 

	
	vs.
	

	
	reactions
	Endothermic, exothermic

	

	Natural Science

Physics
	Force fields
	Magnetism, gravity

	
	vs.
	

	
	States of Matter
	Solid, plasma, liquid, gas

	

	Social Science

Government

Geography
	Federal (vs. unitary)

Land forms (vs. climate)


	Presidential vs. parliamentary

Mountains vs. plains



	Mathematics

Geometry
	Sets of points 

   (vs. theorems)
	Angles vs. polygons vs. line/ray/segment…

	Fine Arts

Performing arts
	Theater  (vs. instrumental music)


	Drama vs. comedy vs. musical… 


Characteristics of good definition (all disciplines):

· Say what something is (generality)

· Say why it is different from others in that general class (discrimination)
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